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Abstract
We consider the effective theory for self-interacting dark matter with arbitrary spin
and go beyond the previous discussion in the literature by introducing a massive spin-
2 particle as the mediator for the dark matter self-scattering. We present the effective
interactions and corresponding effective potential for dark matter in the leading order
expansions with the momentum transfer and the dark matter velocity. We find that
the Born cross section and Sommerfeld factor are joined to renter the self-scattering
of dark matter velocity-dependent to solve small-scale problems at galaxies as well as
satisfy the bounds from galaxy clusters at the same time, for a wide range of dark
matter and spin-2 particle masses.
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1 Introduction
Collision-less and cold dark matter (DM) explains large scale structures well at about Mpc
scale and beyond, but there have been discrepancies between the N -body simulations and
the observed rotation curves in galaxies. The too-big-to-fail problem has to do with the
fact that the observed subhalos in galaxies are less massive than in the N -body simulations,
leading to the small-scale problems together with the core-cusp problem [1,2] and motivating
us to go beyond the Weakly Interacting Massive Particles (WIMP) paradigm.
Recently, self-interacting dark matter (SIDM) has drawn a lot of attention from both as-
trophysics and particle physics communities as a resolution to the small-scale problems, pro-
vided that the self-scattering cross section per DM mass is given in the range of σself/mDM =
0.1 − 10 cm2/g [3]. The effects of baryons and supernova feedback in simulations [4] might
resolve small-scale problems in massive galaxies but it would be also worthwhile to inves-
tigate alternatives to WIMPs such as dark matter with new long-range forces and/or light
dark matter below GeV scale, that are consistent with the bounds from galaxy clusters [5].
For the purpose of making the discussion on dark matter as general as possible, the
effective theory approach can be taken in terms of a set of effective operators that are
consistent with the symmetries given at energy scales. However, the coefficients of the
effective operators are often correlated between one and another in a concrete microscopic
model for dark matter. In particular, given that there is no evidence for dark matter to
carry the charges under the gauge symmetries of the Standard Model (SM), it is legitimate
to assume that dark matter is neutral but their properties and interactions are constrained by
the mediator particles. Depending on the spins of mediators and those of dark matter, there
are a handful number of consistent effective operators for dark matter that could capture
the model dependences and be compared with experimental data.
In this article, taking the effective theory approach, we extend the Parity-invariant effec-
tive potential for self-interacting dark matter in the literature [6,7] by including the massive
spin-2 particle as the mediator for dark matter [8–11]. Assuming that dark matter carries
spin s = 0, 1/2 or 1 and it couples to the massive spin-2 particle via the energy-momentum
tensor, we show the general consequences for the effective self-interactions of dark matter
in each case. The SM couplings and non-linear interactions of the spin-2 particle can be
important in determining the relic density of dark matter via thermal or non-thermal pro-
ductions [8–14] and the non-linear interactions of the spin-2 particle are also crucial to extend
the unitarity to a high scale [15–18], in particular, in the case of a light spin-2 particle. But,
in this work, the aforementioned additional couplings of the spin-2 particle are not relevant
for the self-scattering of dark matter, so we don’t specify them.
We identify the coefficients of the effective operators for self-scattering in the leading
order expansions with the momentum transfer and the DM velocity in the non-relativistic
effective theory, and show explicitly the dependences of the results on the mass and spin of
dark matter as well as the mediator mass. We discuss the velocity-dependent self-scattering
for dark matter in the Born approximation and take into account the Sommerfeld effects
in the case of the light spin-2 particle. As a consequence, we make various choices of the
1
parameters in our model for achieving the self-scattering cross section for dark matter to
solve the small-scale problems at galaxy scales, being consistent with the limits from galaxy
clusters [19–21].
The paper is organized as follows. We first introduce the interactions of the massive spin-
2 particle to dark matter of arbitrary spin. Then, we derive the self-scattering amplitudes
for dark matter in the non-relativistic effective theory and identify the effective potentials
for self-interactions. Next, we show the self-scattering cross sections for dark matter in the
Born limit and how the parameters of our model appear in the Sommerfeld factors. The
results for velocity-dependent self-scattering cross sections are presented for various choices
of the parameters. There are four appendices dealing with the details on the self-scattering
amplitudes, the non-relativistic operator basis for self-scattering, the useful momentum in-
tegral formulas for the effective potential as well as the details on the Sommerfeld factors.
Finally, conclusions are drawn.
2 Effective theory for dark matter self-interactions
We provide the model setup for the interactions of the massive spin-2 mediator to dark matter
and present the details on the self-scattering amplitudes for fermion, scalar and vector dark
matter, in order. As a result, we extend the Parity-invariant effective potentials for scalar
and fermion dark matter in the literature and obtain new results for vector dark matter,
with those derived from the massive spin-2 mediator.
2.1 Setup for the massive spin-2 mediator
We introduce the couplings of a massive spin-2 mediator to the SM particles and dark matter,
through the energy-momentum tensor, as follows [8–11],
Lint = −cSM
Λ
GµνT SMµν −
cDM
Λ
GµνTDMµν . (1)
The mediator couplings for the SM particles are model-dependent, for instance, they depend
on the location of dark matter and the SM particles in the case of the warped extra dimension
[8,9]. Based on the scattering amplitudes between dark matter of arbitrary spin and quarks,
the systematic analysis of the DM-nucleon scattering cross section in the non-relativistic
effective theory can be referred to our previous works in Ref. [13, 14] and the results were
applied to the direct detection with cosmic ray collisions [22]. As the SM couplings are not
relevant for the DM self-scattering, we focus on the couplings of the massive spin-2 particle
to dark matter in the later discussion.
We denote a real scalar dark matter, a Dirac fermion dark matter and a real vector dark
matter by S, χ and X, respectively. Then, the energy-momentum tensor for each case of
2
dark matter, TDMµν , is given by
T Sµν = cS
[
∂µS∂νS − 1
2
gµν∂
ρS∂ρS +
1
2
gµνm
2
SS
2
]
, (2)
T χµν = cχ
[
i
4
χ¯(γµ∂ν + γν∂µ)χ− i
4
(∂µχ¯γν + ∂νχ¯γµ)χ− gµν(iχ¯γµ∂µχ−mχχ¯χ)
]
+
i
2
gµν∂
ρ(χ¯γρχ)
]
, (3)
TXµν = cX
[
1
4
gµνX
λρXλρ +XµλX
λ
ν +m
2
X
(
XµXν − 1
2
gµνX
λXλ
)]
. (4)
Then, the massive spin-2 particle mediates the self-scattering of dark matter, with the
corresponding amplitude given in the following general form,
M = −c
2
DM
Λ2
i
q2 −m2G
TDMµν (q)Pµν,αβ(q)TDMαβ (−q) (5)
where q is the 4-momentum transfer between dark matter and the SM particles and the
tensor structure for the massive spin-2 propagator is given by
Pµν,αβ(q) = 1
2
(
GµαGνβ +GναGµβ − 2
3
GµνGαβ
)
(6)
with
Gµν ≡ ηµν − qµqν
m2G
. (7)
We note that the sum of the spin-2 mediator polarizations is given by∑
s
µν(q, s)αβ(q, s) = Pµν,αβ(q). (8)
The tensor Pµν,αβ satisfies traceless and transverse conditions for on-shell spin-2 mediator,
such as ηαβPµν,αβ(q) = 0 and q
αPµν,αβ(q) = 0 [8].
Due to energy-momentum conservation, qµT
µν = 0, we can replace Gµν in the scattering
amplitude (5) by ηµν . Then, the self-scattering amplitude in eq. (5) is divided into trace and
traceless parts of energy-momentum tensor, as follows,
M = −c
2
DM
2Λ2
i
q2 −m2G
(
2TDMµν T
DM,µν − 2
3
(TDM)2
)
= −c
2
DM
2Λ2
i
q2 −m2G
(
2T˜DMµν T˜
DM,µν − 1
6
(TDM)2
)
(9)
where T˜DMµν is the traceless part of energy-momentum tensor given by T˜
DM
µν = T
DM
µν − 14ηµνTDM
with TDM being the trace of energy-momentum tensor.
3
2.2 Fermion dark matter
The energy-momentum tensor for a fermion DM χ is, in momentum space,
T χµν = −
1
4
u¯χ(k2)
(
γµ(k1ν + k2ν) + γν(k1µ + k2µ)− 2ηµν(/k1 + /k2 − 2mχ)
)
uχ(k1) (10)
where the fermion DM is incoming into the vertex with momentum k1 and is outgoing from
the vertex with momentum k2. Then, the trace of the energy-momentum tensor is given by
T χ = −1
4
u¯χ(k2)
(
− 6(/k1 + /k2) + 16mχ
)
uχ(k1), (11)
whereas the traceless part of the energy-momentum tensor is given by
T˜ χµν = −
1
4
u¯χ(k2)
(
γµ(k1ν + k2ν) + γν(k1µ + k2µ)− 1
2
ηµν(/k1 + /k2)
)
uχ(k1). (12)
Therefore, using the results eq. (A.7) for the self-scattering amplitude for fermion dark
matter in Appendix A, we obtain the effective self-interactions for fermion dark matter in
terms of Galilean-covariant and Hermitian operators, i~q and ~v⊥, and the spins of dark matter,
~s1,2, as
Lχ,eff = − 1
~q2 +m2G
∑
i
cχi Oi (13)
with
O1 = 1, (14)
O2 = ~s1 · ~s2, (15)
O3 = − 1
m2χ
(~s1 · ~q)(~s2 · ~q), (16)
O4 = (~s1 · ~v⊥)(~s2 · ~v⊥), (17)
O5 = − i
mχ
[
(~s1 · ~q)(~s2 · ~v⊥) + (~s2 · ~q)(~s1 · ~v⊥)
]
, (18)
O7 = − i
mχ
(~s1 + ~s2) · (~q × ~v⊥) = − i
mχ
(~s1 + ~s2) · (~q × ~v) (19)
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where
cχ1 = −
c2χ
2Λ2
(16
3
m4χ + 8m
2
χ~q
2 + 8m4χ(v
⊥)2
)
, (20)
cχ2 =
2c2χm
2
χ
Λ2
~q2, (21)
cχ3 =
2c2χm
4
χ
Λ2
(1 + (v⊥)2), (22)
cχ4 = −
2c2χm
2
χ
Λ2
~q2, (23)
cχ5 =
2c2χm
3
χ
Λ2
(i~q · ~v⊥) = 0, (24)
cχ7 = −
c2χm
2
χ
2Λ2
(8m2χ + ~q
2). (25)
The basis of non-relativistic operators for self-scattering [6] are listed in Appendix B for
comparison. The momentum transfer after scattering is given by ~q = ~k1 − ~k2 = ~p2 − ~p1 and
the relative velocity between dark matter particles before scattering is given bymχ~v = ~p1−~k1,
respectively. Then, the initial relative velocity ~v and the momentum transfer ~q are related
by the transverse component of the relative velocity with respect to ~q as ~v⊥ = ~v + ~q
mχ
, and
we have the identities, ~v⊥ · ~q = 0 and ~q2 + m2χ(~v⊥)2 = m2χv2. We also note that a factor∫
d3p
(2pi)3
√
2E
a
(†)
χ per each dark matter state, with dimension E, are to be multiplied as overall
factors such that the above effective Lagrangian has a dimension 4.
We note that the coefficient of O5 vanishes, and O4 is a velocity-suppressed operator with
~q2-suppressed coefficient, so it is unimportant for Sommerfeld enhancement. Therefore, we
don’t consider O4 in the effective potential below.
From the above result (13) and the momentum integrals with the effective interactions
listed in Appendix C, we get the effective potential for a pair of dark matter fermions [6],
Vχ,eff(r) = − 1
4m2χ
∫
d3q
(2pi)3
ei~q·~r Lχ,eff
=
1
4pir
{
c1(r) + c2(r)(~s1 · ~s2) + c3(r)
m2χr
2
[
3(~s1 · rˆ)(~s2 · rˆ)− ~s1 · ~s2
]
+
c7(r)
mχr
(~s1 + ~s2) · (rˆ × ~v)
}
(26)
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where
c1(r) = −
2c2χm
2
χ
3Λ2
e−mGr
(
1 +
3
2
(v⊥)2 − 3
2
(mG
mχ
)2)
, (27)
c2(r) = −
c2χm
2
G
3Λ2
e−mGr
(
1− 1
2
(v⊥)2
)
, (28)
c3(r) =
c2χm
2
χ
2Λ2
e−mGr
(
1 +mGr +
1
3
(mGr)
2
)(
1 + (v⊥)2
)
, (29)
c7(r) = −
c2χm
2
χ
Λ2
e−mGr
(
1− 1
8
(mG
mχ
)2)(
1 +mGr
)
. (30)
Then, in terms of the total spin, ~S = ~s1 + ~s2 and the orbital angular momentum, ~L = ~r × ~p
with ~p = 1
2
mχ~v, we can express the potential in the following [6],
Vχ,eff(r) =
1
4pir
{
c1(r)− 3
4
c2(r) +
1
2
c2(r)~S
2 +
c3(r)
2m2χr
2
[
3(~S · rˆ)− ~S2
]
+
2c7(r)
m2χr
2
~S · ~L
}
. (31)
For non-relativistic fermion dark matter and mG  mχ, we take the leading terms for
the effective potential (31) to be proportional to 1
r
as
Vχ,eff ' 1
4pir
(
c1(r)− 3
4
c2(r) +
1
2
c2(r)~S
2
)
+ · · ·
' − 1
4pir
e−mGr · c
2
χm
2
χ
Λ2
(
2
3
− 5
4
(mG
mχ
)2
+
1
6
(mG
mχ
)2
~S2
)
+ · · ·
≡ − Aχ
4pir
e−mGr + · · · . (32)
Thus, the effective fine structure constant for fermion dark matter can be read from the
spin-independent interaction as follows,
Aχ '
2c2χm
2
χ
3Λ2
(
1− 15
8
(mG
mχ
)2)
. (33)
Therefore, due to the spin-dependent interactions for ~S2 = s(s+ 1) with s = 1 (triplet) and
s = 0 (singlet) states, the effective potential takes the following form,
Vχ,eff = − 1
4pir
e−mGr
(
Aχ +
c2χm
2
χ
3Λ2
(
mG
mχ
)2
0
0 Aχ
)
. (34)
As far as mG  mχ, the effective potential is approximately independent of the spin states.
2.3 Scalar dark matter
The energy-momentum tensor for a scalar DM S is, in momentum space,
T Sµν = −
(
m2Sηµν + Cµν,αβk
α
1 k
β
2
)
(35)
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where
Cµν,αβ ≡ ηµαηνβ + ηναηµβ − ηµνηαβ (36)
and the scalar DM is incoming into the vertex with momentum k1 and is outgoing from the
vertex with momentum k2. Then, the trace of the energy-momentum tensor is given by
T S = −
(
4m2S − 2(k1 · k2)
)
, (37)
and the traceless part of the energy-momentum tensor is given by
T˜ Sµν = −
(
k1µk2ν + k2µk1ν − 1
2
ηµν(k1 · k2)
)
. (38)
Then, the effective self-interaction Lagrangian for scalar dark matter are given by
LS,eff = − 1
~q2 +m2G
cS1O1 (39)
where
cS1 = −
c2S
2Λ2
(16
3
m4S +
8
3
m2S~q
2 + 8m4S(v
⊥)2
)
. (40)
As a result, from the above result (39) and the momentum integrals with the effective
interactions listed in Appendix C, we get the effective potential for a pair of dark matter
scalars,
VS,eff = − 1
4pir
e−mGr · 2c
2
Sm
2
χ
3Λ2
(
1 +
3
2
(v⊥)2 − 1
2
(mG
mχ
)2)
≡ − AS
4pir
e−mGr + · · · (41)
where the effective fine structure constant for scalar dark matter is given by
AS '
2c2Sm
2
χ
3Λ2
(
1− 1
2
(mG
mχ
)2)
. (42)
Thus, the Yukawa-type potential for scalar dark matter in eq. (41) has a different power
dependence in the mass of the spin-2 particle, as compared to the case for fermion dark
matter in eq. (32).
2.4 Vector dark matter
The energy-momentum tensor for a vector DM X is, in momentum space,
TXµν = −
(
m2XCµν,αβ +Wµν,αβ
)
α(k1)
∗β(k2) (43)
7
where α(k) is the polarization vector for the vector DM and
Wµν,αβ ≡ −ηαβk1µk2ν − ηµα(k1 · k2 ηνβ − k1βk2ν) + ηµβk1νk2α
−1
2
ηµν(k1βk2α − k1 · k2 ηαβ) + (µ↔ ν). (44)
Likewise as before, the vector DM is incoming into the vertex with momentum k1 and is
outgoing from the vertex with momentum k2. Then, the trace of the energy-momentum
tensor is given by
TX = 2m2Xηαβ
α(k1)
∗β(k2). (45)
T˜Xµν = −
(
m2XCµν,αβ +Wµν,αβ +
1
2
m2Xηµνηαβ
)
α(k1)
∗β(k2). (46)
Here, we note that Wµν,αβη
µν = 0, due to the fact that the energy-momentum tensor for
transverse polarizations of vector dark matter is trace-free.
To compute the effective potential for vector dark matter, we take the on-shell polariza-
tion vector for vector dark matter with momentum pµ = (Ep, ~p),
sµ(p) =
(
1
mX
~p · ~es(
1− (1− Ep
mX
)δ3s
)
~es
)
'
(
1
mX
~p · ~es
~es
)
, s = 1, 2, 3 (47)
where s = 3 corresponds to the longitudinal polarization and s = 1, 2 stand for the transverse
polarizations. Then, the polarization vectors for incoming and outgoing vector dark matter
particles are given by
sµ(k1) '
(
1
2mX
( ~K + ~q) · ~es
~es
)
, s
′µ(k2) '
(
1
2mX
( ~K − ~q) · ~e′s′
~e′s′
)
(48)
rµ(p1) '
(
1
2mX
(~P − ~q) · ~er
~er
)
, r
′µ(p2) '
(
1
2mX
(~P + ~q) · ~e′r′
~e′r′
)
(49)
where we have used ~K = ~k1 + ~k2, ~P = ~p1 + ~p2, and ~q = ~k1 − ~k2, and the normalization
conditions for polarization 3-vectors are ~er · ~er′ = δrr′ and ~es · ~e′s′ = δss′ . Then, we can
construct the spin operators for vector dark matter [23] as
~Ss
′s
X = i~es × ~e′s′ (50)
Ss′sij =
1
2
(esie
′
s′j + esje
′
s′i), (51)
and ~q · Sr′r · ~q = qi Sr′rij qj, etc,
As a consequence, from the results in eq. (A.13) in Appendix A and the momentum
integrals with the effective interactions listed in Appendix C, the effective self-interaction
8
Lagrangian for vector dark matter leads to the effective potential for a pair of vector dark
matter,
VX,eff(r) =
1
4pir
{
c1(r) δ
s′sδr
′r + c2(r) (~S
s′s
X · ~Sr
′r
X )
+
1
2
c2(r)
(
(~v⊥ · Ss′s · ~v⊥) δr′r + (~v⊥ · Sr′r · ~v⊥) δs′s
)
+
c3(r)
m2Xr
2
[1
3
(
3rˆ · (δs′sSr′r + δr′rSs′s) · rˆ − 2δs′sδr′r
)
(52)
+3rˆ · (Sr′sii Srs
′
+ Srs′ii Sr
′s − Srsii Sr
′s′ − Sr′s′ii Srs) · rˆ − 2~Ss
′s
X · ~Sr
′r
X
]
+
c7(r)
mXr
(~Sss
′
X δ
s′s + ~Srr
′
X δ
s′s) · (rˆ × ~v)
}
.
where
c1(r) = −2c
2
Xm
2
X
3Λ2
e−mGr
(
1 +
3
2
(v⊥)2 +
1
6
(mG
mX
)2)
, (53)
c2(r) = −c
2
Xm
2
G
3Λ2
e−mGr, (54)
c3(r) = −c
2
Xm
2
X
2Λ2
e−mGr
(
1 +mGr +
1
3
(mGr)
2
)
, (55)
c7(r) =
5c2Xm
2
X
6Λ2
e−mGr(1 +mGr). (56)
Therefore, the effective potential has a similar form as in the case for fermion dark matter
in eq. (26), but there are more structures in dipole-dipole interactions due to new effective
spin-dependent interactions for vector dark matter, as in the recent discussion on the direct
detection scattering cross section in the effective theory for vector dark matter [23]. We find
that the general correlations between spins of a pair of vector dark matter appear in the
effective potential (52), although the corresponding potentials are suppressed by the extra
power with 1/r2 as compared to the Yukawa potential.
For a light spin-2 mediator with mG  mX and a small velocity of dark matter, the
leading form of the effective potential is given by
VX,eff ' 1
4pir
(
c1(r)− 2c2(r) + 1
2
c2(r)~S
2
X + · · ·
)
' − 1
4pir
e−mGr · c
2
Xm
2
X
Λ2
(
2
3
− 5
9
(mG
mX
)2
+
1
6
(mG
mX
)2
~S2X
)
+ · · ·
≡ −AX
4pir
e−mGr + · · · (57)
where the effective fine structure constant for vector dark matter is given by
AX ' 2c
2
Xm
2
X
3Λ2
(
1− 5
6
(mG
mX
)2)
. (58)
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mediator interaction 1/r (~s1 · ~s2)/r D12/r3
scalar λsχ¯χ s −λ2s 0 0
pseudoscalar iλaχ¯γ
5χa 0 λ
2
am
2
a
3m2χ
λ2a
m2χ
h(ma, r)
Goldstone 1
f
χ¯γµγ5χ∂µa 0
4m2a
3f2
4
f2
h(ma, r)
vector gvχ¯γ
µχAµ ±g2v
(
1 +
m2A
4m2χ
)
±2g2vm2A
3m2χ
∓ g2v
m2χ
h(mA, r)
axial vector gaχ¯γ
µγ5χAµ 0 −8g2a3
(
1− m2A
8m2χ
)
g2a
(
1
m2χ
+ 4
m2A
)
h(mA, r)
field strength i
2Λ
χ¯σµνχFµν 0 ∓2m
2
A
3Λ2
± 1
Λ2
h(mA, r)
graviton − 1
Λ
T χ,µνGµν −2m
2
χ
3Λ2
(
1− 3
2
m2G
m2S
)
−m2G
3Λ2
1
2Λ2
h(mG, r)
graviton − 1
Λ
T S,µνGµν −2m
2
S
3Λ2
(
1− 1
2
m2G
m2S
)
0 0
graviton − 1
Λ
TX,µνGµν −2m
2
X
3Λ2
(
1 + 1
6
m2G
m2X
)
−m2G
3Λ2
− 1
2Λ2
h(mG, r)
Table 1: Parity-invariant effective potential for fermion dark matter with scalar or vector mediators
[6] as well as dark matter of arbitrary spin with the massive spin-2 mediator obtained newly in this
work. Each term contains implicitly a Yukawa factor, e−mr/(4pi), with m = ms,ma,mA,mG, and
h(m, r) = 1 + mr + 13(mr)
2, and the magnetic dipole-dipole operator for fermion dark matter is
D12 ≡ 3(~s1 · rˆ)(~s2 · rˆ) − ~s1 · ~s2. In the case of vector dark matter, the spin-dependent potential is
described by new operators as given in eq. (52) and explained in the text.
Here, we have taken the total spin operator for vector dark matter by ~SX = ~SX,1 + ~SX,2.
Therefore, due to the spin-dependent interactions for ~S2X = s(s+ 1) with s = 2 (quintuplet)
and s = 0 (singlet) states, the effective Yukawa potential for vector dark matter takes the
following form,
VX,eff = − 1
4pir
e−mGr
(
AX +
c2Xm
2
X
Λ2
(
mG
mX
)2
0
0 AX
)
. (59)
As far as mG  mχ, the above effective potential is approximately independent of the spin
states.
We remark that the the effective fine structure constant for vector dark matter in eq. (58)
depends on the mass of the spin-2 mediator differently, as compared to those for fermion or
scalar dark matter, given in eqs. (33) and (42), respectively. But, the spin-dependent Yukawa
potential are of the same form in the squared total spin operator for fermion and vector dark
matter as shown in eqs. (32) and(57) up to the (mG/mDM)
2 terms. For mG  mDM, the
spin-dependent terms can be ignored and the effective fine structure constant in the effective
Yukawa potential depends only on the DM mass [18].
In Table 1, we summarize our results for the effective potential for dark matter with
various mediators, including scalar and vector mediators known in the literature [6] as well
as the massive spin-2 mediator in our case. In the case with spin-2 mediator, all the velocity-
independent interactions are nonzero for fermion and vector dark matter, but only the spin-
independent potential survives for scalar dark matter. For mG  mDM in the Coulomb
10
limit, the spin-independent effective potentials are approximately the same, independent of
the spins of dark matter, so the Sommerfeld effects become similar. On the other hand,
we identify the spin-dependent interactions for fermion and vector dark matter: spin-spin
interactions are in common but dipole-dipole interactions for vector dark matter contain new
effective operators with general correlations of spins.
3 Velocity-dependent self-scattering
In this section, we discuss the Born limit of the self-scattering cross section and comment
on the classical regime. Then, we take into account the Sommerfeld effects by considering
the approximate analytic solution with the Hulthe´n potential. The parameter space for the
self-scattering cross section to solve the small-scale problems at galaxies is also commented
upon.
First, we note that the momentum transfer cross section for DM self-scattering [19,20] is
given by
σT = 2pi
∫ 1
−1
dσ
dΩ
(
1− | cos θ|
)
d cos θ. (60)
When there is a t-channel only, we can replace 1− | cos θ| just by 1− cos θ. But, when there
are both t-channel and u-channel such as for the scattering of identical states, we need to
consider eq. (60).
3.1 Born regime
For a Yukawa-type potential, V = −ADM
4pir
e−mGr, we first consider the perturbative regime
with weak self-interaction for dark matter, ADMmDM/(4pimG) . 1. This is the Born regime.
The differential cross section for DM DM→ DM DM, the elastic self-scattering of non-
identical states, with t-channel dominance, is independent of the spins of dark matter, given
by
dσself
dΩ
=
A2DMm
2
DM
16pi2
1
(m2G +m
2
DMv
2(1− cos θ)/2)2 . (61)
Thus, inserting eq. (61) into eq. (60), the corresponding momentum transfer cross section
for the DM self-scattering becomes in the Born regime
σBornT =
A2DM
2pim2DMv
4
[
ln
(
1 +
m2DMv
2
m2G
)
− m
2
DMv
2
m2G +m
2
DMv
2
]
. (62)
Then, for mDMv . mG, we can ignore the momentum transfer for the DM self-scattering, so
the velocity expansion of the above result (62) leads to σBornT ≈ A
2
DMm
2
DM
4pim4G
=
c4DMm
6
DM
9piΛ4m4G
.
11
But, when there are scattering processes for identical dark matter particles, it is important
to keep the u- and/or s-channels as well. Indeed, the self-scattering cross sections with t-
channels only should be replaced by the full DM self-scattering cross sections, so the resulting
momentum transfer cross sections depend on the spins of dark matter. Taking the limit of
a small DM velocity with mDMv . mG in the scattering amplitudes apart from the spin-2
mediator propagators, we obtain the Born cross sections [18] for fermion, scalar and vector
dark matter in order as follows,
σBornS,T '
c4Sm
2
S
9piΛ4rSv2
ln
(
1 +
m2Sv
2
m2G
)
(
1 +
m2Sv
2
2m2G
)3 , (63)
σBornχ,T =
1
4
(
2σBornχχ,T + σ
Born
χχ¯.T
)
' c
4
χm
2
χ
18piΛ4v4
[(
1 +
2m2χm
4
Gv
2
(m2χv
2 + 2m2G)
3
)
ln
(
1 +
m2χv
2
m2G
)
− m
2
χv
2
m2χv
2 +m2G
]
, (64)
σBornX,T '
c4Xm
2
X
27piΛ4rXv2
(32− 56rX + 27r2X)
(4− rX)2
ln
(
1 +
m2Xv
2
m2G
)
(
1 +
m2Xv
2
2m2G
)3 (65)
with
σBornχχ,T '
c4χm
2
χ
36piΛ4rχv2
ln
(
1 +
m2χv
2
m2G
)
(
1 +
m2χv
2
2m2G
)3 , (66)
σBornχχ¯,T '
2c4χm
2
χ
9piΛ4v4
[
ln
(
1 +
m2χv
2
m2G
)
− m
2
χv
2
m2G +m
2
χv
2
]
. (67)
Here, rDM ≡ (mG/mDM)2 with DM = S, χ,X. We note that the s-channel contributions
to the self-scattering of scalar or fermion dark matter are velocity-suppressed by the overall
factor, so it is ignored in the Born limit. On the other hand, the s-channel contribution
to the counterpart of vector dark matter is not velocity-suppressed, so it is included in the
above results.
As a result, in the Born regime with a vanishing DM velocity, the momentum transfer
self-scattering cross sections divided by the DM mass are further approximated to
σS,T
mS
' c
4
SmS
9piΛ4r2S
, (68)
σχ,T
mχ
' c
4
χmχ
24piΛ4r2χ
, (69)
σX,T
mX
' c
4
XmX
27piΛ4
(32− 56rX + 27r2X)
r2X(4− rX)2
. (70)
We note that the overall factors in the above results differ from the total self-scattering cross
sections [14], by 1/2, 3/4 and 1/2, for scalar, fermion and dark matter cases, respectively.
These are due to the inclusion of the forward scattering with equal weight for the total
self-scattering cross sections, which would lead to no effect on the dark matter distribution.
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3.2 Classical regime
In the non-perturbative regime with ADMmDM/(4pimG) & 1, we first discuss the classical
regime with mDMv & mG. In this case, the Born approximation with s-wave only breaks
down, so we need to include higher partial waves in the scattering amplitude. As a result,
for a Yukawa-type potential, V = −ADM
4pir
e−mGr, the momentum transfer cross section has the
following velocity-dependences [19],
σclT =

4pi
m2G
β2 ln(1 + β−1), β . 0.1,
8pi
m2G
β2/(1 + 1.5β1.65), 0.1 . β . 103,
pi
m2G
(
ln β + 1− 1
2
ln−1 β
)
, β & 103
(71)
where β is the ratio of the potential energy at r ∼ m−1G to the kinetic energy of dark matter,
given by
β ≡ ADMmG
2pimDMv2
. (72)
This regime is called the non-perturbative regime, because of a large ADM for a sizable β.
3.3 Sommerfeld effects and bound states
We now consider the non-perturbative regime with ADMmDM/(4pimG) & 1, but mDMv . mG.
This is the quantum regime. In this case, the quantum mechanical effects such as bound
states of dark matter can be important. Moreover, even if there is no bound state, the
self-scattering cross section for dark matter can be enhanced by Sommerfeld effects.
For the Yukawa-type potential, V = −ADM
4pir
e−mGr, there is no analytic solution for the
Sommerfeld factor. But, we can adopt the approximate analytic solutions [24] by replacing
it with the Hulthe´n potential,
VH = −ADM
4pi
δe−δr
1− e−δr (73)
where the parameter δ is matched by δ = pi
2
6
mG from the condition that the first moment
of the potential,
∫∞
0
r′V (r′)dr, is unchanged for V → VH . Then, for δr  1, we have
VH ≈ −ADM4pir . For a nonzero angular momentum of the system with a pair of DM particles,
i.e. l 6= 0, we also replace the centrifugal term Vl = l(l+1)mDMr2 by
V˜l =
l(l + 1)
mDM
δ2e−δr
(1− e−δt)2 . (74)
For δr  1, similarly we get V˜l ≈ Vl.
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Then, from the details in appendix C, we can read the Sommerfeld enhancement factor
from the wave function of dark matter at the origin [24] as
Sl =
∣∣∣∣ Γ(a)Γ(b)Γ(l + 1 + 2iw) 1l!
∣∣∣∣2 (75)
where w = k
δ
and
a = l + 1 + iw
(
1−
√
1− x/w
)
, (76)
b = l + 1 + iw
(
1 +
√
1− x/w
)
. (77)
For l = 0, using |Γ(1 + iα)|2 = piα/ sinh(piα), we obtain the Sommerfeld factor as follows,
S0 =
pi
2
x sinh(2piw)
sinh
[
piw
(
1−√1− x
w
)]
sinh
[
piw
(
1 +
√
1− x
w
)] . (78)
Then, from x = ADM
4piv
and w = k
δ
= 6
pi2
mDMv
mG
, the above becomes
S0 =
ADM
8v
sinh
(
12mDMv
pimG
)
sinh
[
6mDMv
pimG
(
1−
√
1− piADMmG
24mDMv2
)]
sinh
[
6mDMv
pimG
(
1 +
√
1− piADMmG
24mDMv2
)] . (79)
As a result, the momentum transfer cross section for the s-wave scattering can be replaced
by
σT ' σHulthenT = S0 σ0T (80)
where σ0T is the scattering cross section without Sommerfeld enhancement, namely, the one
obtained from the Born limit. The enhanced cross sections for higher partial waves can be
similarly obtained from eq. (75).
Several remarks on the general properties of the Sommerfeld factor in eq. (75) are in
order. First, in the Coulomb limit, taking mG → 0 with w  1 or mDMv  pi12 mG, the
s-wave Sommerfeld factor in eq. (79) becomes Coulomb-like as
S0 ≈ pix
1− e−pix =
ADM
4v
1
1− e−ADM/(4v) . (81)
Here, we note that the approximation with mDMv  pi12 mG is that the de Broglie wavelength
of dark matter is shorter than the radius of graviton exchange, for which the mediator induces
a long-range interaction between a pair of dark matter. For high partial waves with l > 0,
in the limit of w  1 with eq. (75), the Coulomb limit of the corresponding Sommerfeld
factor [24] is given by
Sl ≈ S0 ×
l∏
b=1
(
1 +
x2
4b2
)
= S0 ×
l∏
b=1
(
1 +
A2DM
64pi2b2v2
)
. (82)
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As the perturbative cross sections of higher partial waves are suppressed by v2l, in the
limit of v → 0, all the higher partial waves have the same velocity dependence through
the Sommerfeld factor S0. But, for v ∼ pi12 mG/mDM, the Sommerfeld enhancement factor
saturates to a constant value for s-wave or reaches a maximum for p-wave.
Secondly, in the limit of w  1 or mDMv  pi12 mG, the kinetic energy becomes zero and
a pair of dark matter can form a bound state. In this case, the Sommerfeld factor in eq. (75)
becomes
Sl '
∣∣∣∣Γ(l + 1 +√ωx)Γ(l + 1−√ωx)l!Γ(l + 1)
∣∣∣∣2 . (83)
Then, there appear resonances at ωx = (l + 1 + n)2 for a non-negative integer n, leading to
the resonance conditions for the s-wave Sommerfeld factor, S0,
3
2pi3
ADMmDM
mG
= n2, n = 1, 2, 3, · · · . (84)
For instance, in the limit of mG  mDM, for dark matter of arbitrary spin, we have ADM '
2c2DMm
2
DM
3Λ2
, for which the above resonance conditions become
mG =
c2DM
pi3n2
m3DM
Λ2
. (85)
The result leads to an intriguing relation between the DM and spin-2 particle masses for
forming the DM bound states.
3.4 Velocity-dependent self-scattering: numerical analysis
We are now in a position to use the results in the previous subsections and discuss the
numerical analysis of the self-scattering cross section of dark matter in the parameter space
of our model. To this, we use the momentum transfer cross section in eq. (80) including
the Sommerfeld factor in eq. (79), together with the approximate results for the Born cross
sections given in eqs. (63)-(65) and the full results.
In the top panel of Fig. 1, we depicted the contours in the parameter space for mG vs
mDM for the DM self-scattering cross section divided by the DM mass. We have fixed the DM
velocity to vdwarf = 10
−4c at dwarf galaxies, the effective fine structure constant to ADM = 1,
and the dashed and solid lines correspond to σT/mDM = 0.1, 10 cm
2/g. The blue and orange
lines indicate the results with or without Sommerfeld factors. The cases for scalar, fermion
and vector dark matter are shown from left to right in the panel. We found that for scalar
and fermion dark matter, we need the DM masses up to 105 GeV and the spin-2 mediator
masses up to 10 GeV to get the self-scattering cross section required to solve the small-scale
problems. We note that the results for scalar and vector dark matter are almost the same,
while the result for fermion dark matter differ from the other two cases, allowing for larger
masses up to mDM ∼ 106 GeV, due to the fact that there are both particle-particle and
particle-antiparticle scattering processes.
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Figure 1: Top: Contours of the DM self-scattering cross section divided by the DM mass at
dwarf galaxies with vdwarf = 10
−4c in the parameter space for mG vs mDM. We took σT /mDM =
0.1, 1 cm2/g for dashed and solid lines. Orange and blue lines are the results with or without
Sommerfeld factors, respectively. Middle (Bottom): The DM self-scattering cross section divided
by the DM mass as a function of the DM velocity for mDMvdwarf/mG = 0.1(0.01) and two fixed DM
masses in each plot. Dashed and solid lines are the approximate and full results for the Born cross
section, respectively. ADM = 1 is chosen for all the plots and DM spins are taken to s = 0, 1/2, 1
from left to right in each panel.
16
10-3 10-2 10-1 1 1010
-2
10-1
1
10
102
103
104
105
106
mG(GeV)
m
D
M
(GeV
)
Scalar DM, AS=0.1, vS=vdwarf
10-3 10-2 10-1 1 1010
-1
1
10
102
103
104
105
106
mG(GeV)
m
D
M
(GeV
)
Fermion DM, Aχ=0.1, vχ=vdwarf
10-3 10-2 10-1 1 1010
-1
1
10
102
103
104
105
106
mG(GeV)
m
D
M
(GeV
)
Vector DM, AX=0.1, vX=vdwarf
mS=500GeV
mS=5000GeV
10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-110-4
10-3
10-2
10-1
1
10
102
vS
σ S,self
/m S(
cm
2 /g)
AS=0.1, mSvdwarf/mG=0.1
mχ=500 GeV
mχ=5000 GeV
10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-110-4
10-3
10-2
10-1
1
10
102
vS
σ χ,self/
m
χ(cm
2 /g)
Aχ=0.1, mχvdwarf/mG=0.1
mX=500 GeV
mX=5000 GeV
10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-110-4
10-3
10-2
10-1
1
10
102
vS
σ X,self
/m X(
cm
2 /g)
AX=0.1, mXvdwarf/mG=0.1
mS=10GeV
mS=100GeV
10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-110-4
10-3
10-2
10-1
1
10
102
vS
σ S,self
/m S(
cm
2 /g)
AS=0.1, mSvdwarf/mG=0.01
mχ=10 GeV
mχ=100 GeV
10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-110-4
10-3
10-2
10-1
1
10
102
vS
σ χ,self/
m
χ(cm
2 /g)
Aχ=0.1, mχvdwarf/mG=0.01
mX=10 GeV
mX=100 GeV
10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-110-4
10-3
10-2
10-1
1
10
102
vS
σ X,self
/m X(
cm
2 /g)
AX=0.1, mXvdwarf/mG=0.01
Figure 2: The same as in Fig. 1, except ADM = 0.1 for all the plots.
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Figure 3: The same as in Fig. 1, except ADM = 0.01 for all the plots.
In the second and third panels of Fig. 1, we also showed the DM self-scattering cross
section divided by the DM mass as a function of the DM velocity for ADM = 1 and several
choices of the DM and spin-2 mediator masses. The cases for scalar, fermion and vector
dark matter are shown from left to right in each panel. Dashed and solid lines indicate the
approximate and full results for the Born cross section, respectively. In the second panel,
we chose mDM = 5, 50 TeV and mDMvdwarf/mG = 0.1 (i.e. mG = 5, 10 GeV) for blue and
red lines, respectively. In this case, the resulting self-scattering cross section gets saturated
to a constant value below vDM ∼ 10−4. On the other hand, in the third panel, we chose
mDM = 100, 1000 GeV and mDMvdwarf/mG = 0.01 (i.e. mG = 1, 10 GeV) for blue and red
lines, respectively. In this case, the resulting self-scattering cross section gets saturated to
a constant value below vDM ∼ 10−3. In both panels, the dark matter self-scattering cross
section becomes highly suppressed at vDM ∼ 10−2 below the bounds from Bullet cluster [5].
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We have repeated the similar analysis of the self-scattering cross section for smaller
values of ADM: ADM = 0.1, 0.01 in Figs. 2 and 3, respectively. The cases for scalar, fermion
and vector dark matter are shown from left to right in each panel. In the top panels of
Figs. 2(3), we showed that for scalar and vector dark matter, we need the DM masses up
to 104(103) GeV and the spin-2 mediator masses up to 1(0.1) GeV to get the self-scattering
cross section required to solve the small-scale problems; for scalar dark matter, we need the
higher DM masses up to 105(104) GeV. On the other hand, in the second and third panels
of Figs. 2 and 3, we also drew the DM self-scattering cross section divided by the DM mass
as a function of the DM velocity. We took mDM = 500, 5000 GeV and mDMvdwarf/mG = 0.1
(i.e. mG = 0.5, 5 GeV) for blue and red lines in the second panel of Figs. 2, and mDM =
10, 100 GeV and mDMvdwarf/mG = 0.01 (i.e. mG = 0.1, 1 GeV) for blue and red lines in the
third panel of Figs. 2. We took mDM = 30, 250 GeV and mDMvdwarf/mG = 0.1 (i.e. mG =
0.03, 0.25 GeV) for blue and red lines in the second panel of Figs. 3, and mDM = 0.5, 5 GeV
and mDMvdwarf/mG = 0.01 (i.e. mG = 0.005, 0.5 GeV) for blue and red lines in the third
panel of Figs. 3. The saturation behaviors of the self-scattering cross section below galaxy
scales are similar to the cases in Fig. 1.
4 Conclusions
We have presented the novel results for the effective potential for the self-scattering of dark
matter in the presence of a massive spin-2 mediator. The spin-independent interactions
are determined mostly by the mass of dark matter in the limit of a light spin-2 particle,
thus leading to the similar Yukawa potential. There are spin-dependent interactions such as
spin-spin or dipole-dipole interactions for fermion or vector dark matter, although they are
suppressed by the mass of the spin-2 particle or the extra power with 1/r2, respectively, as
compared to the Yukawa potential. We identified the new forms of spin-dependent effective
operators for vector dark matter for the first time. Describing the self-scattering process
of dark matter in terms of the effective Yukawa potential, we not only obtained the self-
scattering cross sections for dark matter in the Born limit but also included the Sommerfeld
effects in order to cover the strong coupling regime. We found that a wide range of the
parameter space in the DM and spin-2 particle masses is consistent with the resolution to
the small-scale problems and the bounds from galaxy clusters.
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Appendix A: Amplitudes for DM self-scattering
Here is the summary of derivation of the amplitudes for self-scattering of dark matter.
Fermion dark matter:
The relevant effective interactions for traceless parts of fermion dark matter are
16T˜ χµνT˜
χ,µν = (2(p1 + p2) · (k1 + k2))(u¯χ(k2)γµuχ(k1))(u¯χ(p2)γµuχ(p1))
−(u¯χ(k2)(/k1 + /k2)uχ(k1))(u¯χ(p2)(/p1 + /p2)uχ(p1))
+2(u¯χ(k2)(/p1 + /p2)uχ(k1))(u¯χ(p2)(/k1 + /k2)uχ(p1))
= (2(p1 + p2) · (k1 + k2))(u¯χ(k2)γµuχ(k1))(u¯χ(p2)γµuχ(p1))
−4m2χ(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
+2(u¯χ(k2)(/p1 + /p2)uχ(k1))(u¯χ(p2)(/k1 + /k2)uχ(p1)) (A.1)
where use is made of Dirac equations, /puχ(p) = mχuχ(p) and u¯χ(p)/p = u¯χ(p)mχ. Using
Gordon identities,
u¯χ(k2)γ
µuχ(k1) =
1
2mχ
u¯χ(k2)
(
(k1 + k2)
µ − iσµρqρ
)
uχ(k1), (A.2)
u¯χ(p2)γ
νuχ(p1) =
1
2mχ
u¯χ(p2)
(
(p1 + p2)
ν + iσνλqλ
)
uχ(p1), (A.3)
we can rewrite the vector operators in terms of scalar and tensor operators and obtain
16T˜ χµνT˜
χ,µν =
(P ·K)
2m2χ
(
(K · P )(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
+(u¯χ(k2)uχ(k1))(Kν u¯χ(p2)iσ
νλqλuχ(p1))
−(Pµu¯χ(k2)iσµρqρuχ(k1))(u¯χ(p2)uχ(p1))
−(u¯χ(k2)iσµρqρuχ(k1))(u¯χ(p2)iσµλqλuχ(p1))
)
−4m2χ(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
+
1
2m2χ
(
(K · P )2(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
−(Pµu¯χ(k2)iσµρqρuχ(k1))(Kν u¯χ(p2)iσνλqλuχ(p1))
+(K · P )(u¯χ(k2)uχ(k1))(Kν u¯χ(p2)iσνλqλuχ(p1))
−(K · P )(Pµu¯χ(k2)iσµρqρuχ(k1))(u¯χ(p2)uχ(p1))
)
(A.4)
where P µ ≡ (p1 + p2)µ, Kµ ≡ (k1 + k2)µ and qµ ≡ (k1 − k2)µ = (p2 − p1)µ.
On the other hand, the effective interactions for trace parts are
(T χ)2 = m2χ(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1)). (A.5)
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Thus, the trace parts contain only scalar-scalar operators.
Consequently, using eqs. (A.4) and (A.5), we obtain the self-scattering amplitude for
fermion dark matter as
Mχ =
ic2χ
2Λ2(m2G − q2)
(
2T˜ χµνT˜
χ,µν − 1
6
(T χ)2
)
=
icχcψ
2Λ2(m2G − q2)
{
(P ·K)
16m2χ
(
(K · P )(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
+(u¯χ(k2)uχ(k1))(Kν u¯χ(p2)iσ
νλqλuχ(p1))
−(Pµu¯χ(k2)iσµρqρuχ(k1))(u¯χ(p2)uχ(p1))
−(u¯χ(k2)iσµρqρuχ(k1))(u¯χ(p2)iσµλqλuχ(p1))
)
−4m2χ(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
+
1
16m2χ
(
(K · P )2(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
−(Pµu¯χ(k2)iσµρqρuχ(k1))(Kν u¯χ(p2)iσνλqλuχ(p1))
+(K · P )(u¯χ(k2)uχ(k1))(Kν u¯χ(p2)iσνλqλuχ(p1))
−(K · P )(Pµu¯χ(k2)iσµρqρuχ(k1))(u¯χ(p2)uχ(p1))
)
−1
6
m2χ(u¯χ(k2)uχ(k1))(u¯χ(p2)uχ(p1))
}
. (A.6)
Then, in the non-relativistic limit and at small momentum transfer, the above self-scattering
amplitude becomes approximated to
Mχ =
ic2χ
2Λ2(m2G + ~q
2)
[(
1
2
(P ·K)2 + (P ·K)~q2 + 1
4
~q4 − 8
3
m4χ
)
ONR1
−m2χ
(
2(P ·K) + ~q2
)
ONR3 − (P ·K)~q2ONR4
−m2χ
(
2(P ·K) + ~q2
)
ONR5 +m2χ(P ·K)ONR6 + 4m4χONR3 ONR5
]
' ic
2
χ
2Λ2(m2G + ~q
2)
[(
16
3
m4χ + 8m
2
χ~q
2 + 8m4χ(~v
⊥)2
)
ONR1
−m2χ
(
8m2χ + 3~q
2 + 4m2χ(~v
⊥)2
)
(ONR3 +ONR5 )
−4m2χ~q2ONR4 + 4m4χONR6 + 4m4χONR3 ONR5
]
(A.7)
where P ≡ p1 + p2, K = k1 + k2 and the non-relativistic operators are given by
ONR1 = 1, ONR2 = (v⊥)2, ONR3 = i~s1 ·
( ~q
mχ
× ~v⊥
)
,
ONR4 = ~s1 · ~s2, ONR5 = i~s2 ·
( ~q
mχ
× ~v⊥
)
, ONR6 =
(
~s1 · ~q
mχ
)(
~s2 · ~q
mχ
)
. (A.8)
21
Here, we used 2p1 · k1 = s− 2m2χ = 2p2 · k2, 2p1 · k2 = −u+ 2m2χ = 2p2 · k1 for DM momenta,
q2 ≈ −~q2, and
P ·K = (p1 + p2) · (k1 + k2) = s− u ' 4m2χ + 2m2χv2 − ~q2. (A.9)
where use is made of s ' 4m2χ(1 + v2/4) and u = 4m2χ − s − t ' −m2χv2 + ~q2 in the
non-relativistic limit. We also used v2 = (~v⊥)2 + ~q2/m2χ in the final result.
Scalar dark matter:
With eqs. (35) and (37), the self-scattering amplitude for scalar dark matter is given by
MS = ic
2
S
2Λ2(m2G − q2)
(
2T˜ SµνT˜
S,µν − 1
6
(T S)2
)
=
ic2S
2Λ2(m2G − q2)
[
4(k1 · p1)2 + 4(k1 · p2)2 − 8
3
(
m4S −m2S(k1 · k2) + (k1 · k2)2
)]
' ic
2
S
2Λ2(m2G + ~q
2)
[
16
3
m4S +
8
3
m2S~q
2 + 8m4S(~v
⊥)2
]
(A.10)
where we took the non-relativistic limit for scalar dark matter.
Vector dark matter:
The self-scattering amplitude for vector dark matter, sµ(k1)+
uµ(p1)→ s′µ(k2)+u′µ(p2),
is given by
MX = ic
2
X
2Λ2(m2G − q2)
(
2T˜XµνT˜
X,µν − 1
6
(TX)2
)
=
ic2X
2Λ2(m2G − q2)
[
ηαβηρσ
(16
3
m4X + 2s(s+ t− 4m2X)
)
+ t2Cαβ,ρσ
−2ηαβ
(
2(t−m2X)p2ρp1σ + (s+ t− 2m2X)(k2ρp1σ + p2ρk1σ)
+(s− 2m2X)(k1ρp1σ + p2ρk2σ) + t(k2ρk1σ + k1ρk2σ)
)
−2ηρσ
(
2(t−m2X)k2αk1β + (s+ t− 2m2X)(p2αk1β + k2αp1β)
+(s− 2m2X)(k2αp2β + p1αk1β) + t(p1αp2β + p2αp1β)
)
+2ηαρ
(
(s− 2m2X)k1βp1σ + t(k1βk2σ + p2βp1σ)
)
+2ηασ
(
(s+ t− 2m2X)p2ρk1β + t(p2ρp1β + k2ρk1β)
)
+2ηβρ
(
(s+ t− 2m2X)k2αp1σ + t(k2αk1σ + p2αp1σ)
)
+2ηβσ
(
(s− 2m2X)k2αp2ρ + t(p1αp2ρ + k2αk1ρ)
)
+4k2αp1βp2ρk1σ + 4p1αk1βp2ρk2σ + 4p2αk1βk2ρp1σ + 4k2αp2βk1ρp1σ
−8k2αk1βp2ρp1σ
]
α(k1)
∗β(k2)ρ(p1)∗σ(p2). (A.11)
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Then, for s ' 4m2X +m2Xv2 and t = q2 ' −~q2, the above self-scattering amplitude for vector
dark matter is approximated to
MX = ic
2
X
2Λ2(m2G + ~q
2)
[
ηαβηρσ
(16
3
m4X + 8m
2
X(m
2
Xv
2 − ~q2)
)
+ ~q4Cαβ,ρσ
−2ηαβ
(
2(−~q2 −m2X)p2ρp1σ + (2m2X +m2Xv2 − ~q2)(k2ρp1σ + p2ρk1σ)
+(2m2X +m
2
Xv
2)(k1ρp1σ + p2ρk2σ)− ~q2(k2ρk1σ + k1ρk2σ)
)
−2ηρσ
(
2(−~q2 −m2X)k2αk1β + (2m2X +m2Xv2 − ~q2)(p2αk1β + k2αp1β)
+(2m2X +m
2
Xv
2)(k2αp2β + p1αk1β)− ~q2(p1αp2β + p2αp1β)
)
+2ηαρ
(
(2m2X +m
2
Xv
2)k1βp1σ − ~q2(k1βk2σ + p2βp1σ)
)
+2ηβσ
(
(2m2X +m
2
Xv
2)k2αp2ρ − ~q2(p1αp2ρ + k2αk1ρ)
)
+2ηασ
(
(2m2X +m
2
Xv
2 − ~q2)p2ρk1β − ~q2(p2ρp1β + k2ρk1β)
)
+2ηβρ
(
(2m2X +m
2
Xv
2 − ~q2)k2αp1σ − ~q2(k2αk1σ + p2αp1σ)
)
+4k2αp1βp2ρk1σ + 4p1αk1βp2ρk2σ + 4p2αk1βk2ρp1σ + 4k2αp2βk1ρp1σ
−8k2αk1βp2ρp1σ
]
αs (k1)
∗β
s′ (k2)
ρ
r(p1)
∗σ
r′ (p2). (A.12)
As a result, in the leading order of the momentum expansion, the above scattering amplitude
becomes
MX = ic
2
X
Λ2(m2G + ~q
2)
{(8
3
m4X + 4m
4
X(v
⊥)2
)
Ss′sii Sr
′r
ii
+
10
3
m3X i(Ss
′s
ii
~Sr
′r
X + Sr
′r
ii
~Ss
′s
X ) · (~q × ~v⊥)
+
2
3
m4X(~v
⊥ · Ss′s · ~v⊥)Sr′rii +
2
3
m4X(~v
⊥ · Sr′r · ~v⊥)Ss′sii
+2m2X
(
− 1
3
Ss′sii (q · Sr
′r · q)− 1
3
Sr′rii (q · Ss
′s · q) + Srsii (q · Sr
′s′ · q)
+Sr′s′ii (q · Srs · q)− Sr
′s
ii (q · Srs
′ · q)− Srs′ii (q · Sr
′s · q)
)}
. (A.13)
The above results with Ss′sii = δs′s, Sr′rii = δr′r and ~Ss′sX · ~Sr′rX = Ss′rii Ssr′ii − Ssrii Ss′r′ii were used
in the text.
Appendix B: Non-relativistic operator basis
For comparison, we note the following different notations for non-relativistic operators
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shown in the appendix A and the text for fermion dark matter [6],
ONR1 = O1 = 1, (B.1)
ONR4 = O2 = ~s1 · ~s2, (B.2)
ONR6 = −O3 =
1
m2χ
(~s1 · ~q)(~s2 · ~q), (B.3)
ONR3 +ONR5 = −O7 =
i
mχ
(~s1 + ~s2) · (~q × ~v⊥), (B.4)
and
ONR3 ONR5 = −
1
m2χ
(~q2(v⊥)2 − (~q · ~v⊥)2)O2 − (v⊥)2O3 + ~q
2
m2χ
O4 − i~q · ~v
⊥
mχ
O5 (B.5)
where
O4 = (~s1 · ~v⊥)(~s2 · ~v⊥), (B.6)
O5 = − i
mχ
[
(~s1 · ~q)(~s2 · ~v⊥) + (~s2 · ~q)(~s1 · ~v⊥)
]
. (B.7)
Appendix C: Momentum integral formulas for the effec-
tive potential
The integral formula for the Yukawa-type potential is∫
d3q
(2pi)3
ei~q·~r
1
~q2 +m2G
=
e−mGr
4pir
. (B.8)
Then, for instance, for the effective scattering amplitude, M = iT = 4iA2DMm2χ
~q2+m2G
, the Yukawa
potential can be obtained from the following Fourier transform,
Veff = − 1
4m2χ
∫
d3q
(2pi)3
ei~q·~r T
= −A
2
DM
4pir
e−mGr. (B.9)
Noting that the ~q-dependent terms in the effective interactions correspond to the derivative
terms in position space by
∇ ei~q·~r = (i~q) ei~q·~r, (B.10)
∇2 ei~q·~r = −~q2 ei~q·~r, (B.11)
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we also get the useful formulas for the following integrals,
4pi
∫
d3q
(2pi)3
ei~q·~r
qi
~q2 +m2G
= −i∇i
(e−mGr
r
)
= i rˆi
e−mGr
r2
(1 +mGr), (B.12)
4pi
∫
d3q
(2pi)3
ei~q·~r
~q2
~q2 +m2G
= −∇2
(e−mGr
r
)
= −m
2
G e
−mGr
r
+ 4piδ3(r) e−mGr, (B.13)
4pi
∫
d3q
(2pi)3
ei~q·~r
~q4
~q2 +m2G
= (∇2)2
(e−mGr
r
)
=
m4G e
−mGr
r
, (B.14)
4pi
∫
d3q
(2pi)3
ei~q·~r
qiqj
~q2 +m2G
= −∇i∇j
(e−mGr
r
)
= −e
−mGr
r3
[
(3rˆirˆj − δij)
(
1 +mGr +
1
3
(mGr)
2
)
+
1
3
(mGr)
2δij
]
+
4pi
3
δ3(r) e−mGr δij. (B.15)
Appendix D: Sommerfeld factors
With the Hulthe´n potential (73), the analytic solution for the radial wave function is
given by
Rl =
tl+1
z
e−iz/2
Γ(c)
∣∣∣∣Γ(a)Γ(b)Γ(2iw)
∣∣∣∣ 2F1(a, b, c; t) (B.16)
where z = 2kr, w = k
δ
with k = mDMv being the momentum of each particle,
t = 1− e−z/(2w), (B.17)
and
a = l + 1 + iw
(
1−
√
1− x/w
)
, (B.18)
b = l + 1 + iw
(
1 +
√
1− x/w
)
, (B.19)
c = 2(l + 1) (B.20)
with x = ADM/v. For r  1/δ or t 1, the hypergeometric function becomes
2F1(a, b, c; t) ≈ 1 + ab
2c
t+O(t2), t ≈ z
2w
=
kr
w
. (B.21)
Therefore, the radial wave function (B.16) becomes in this limit
Rl ≈
( 1
2w
)l+1
zl · e−iz/2 · 1
Γ(c)
∣∣∣∣Γ(a)Γ(b)Γ(2iw)
∣∣∣∣ . (B.22)
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As a consequence, the Sommerfeld factor for the partial wave cross section with angular
momentum l is given [24] by
Sl =
∣∣∣∣∣(2l + 1)!(l!)2 Γ(2iw)(2w)l+1Γ(l + 1 + 2iw) ∂lRl∂zl
∣∣∣∣∣
z=0
∣∣∣∣∣
2
. (B.23)
Then, using eq. (B.22), we obtain
Sl =
∣∣∣∣ Γ(a)Γ(b)Γ(l + 1 + 2iw) 1l!
∣∣∣∣2 , (B.24)
which was used in the main text.
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